We prove a refinement of the p-soluble case of Robinson's conjectural local characterization of the defect of an irreducible character.
INTRODUCTION w x
Some recent refinements of Alperin's weight conjecture by Dade 3 and w x Robinson 10 indicate undiscovered riches in the rapport between Clifford theory and the local theory of group representations. The p-soluble case may be a good place to start looking at subproblems arising from these conjectures, because it is here that Clifford theory works best.
We fix a prime p and a finite group G. Let denote the p-adic p Ž . valuation on the rational numbers. Thus z s log z for any rational p p p number z. When we speak of an irreducible character of G, we shall always be referring to an absolutely irreducible Frobenius character.
Recall that the defect of an irreducible character of G is the natural Ž . Ž< < Ž ..
The principle of local theoryᎏonly a vague statement can even hope to encompass the plethora of sometimes conflicting approachesᎏis that the Ž positive defect irreducible characters of G and many other aspects of . positive-defect p-blocks can be related to ''local'' objects, objects which are in some way associated with nontrivial p-subgroups of G. In the context of Alperin's conjecture, the normalizers of the nontrivial p-sub-Ž groups would have to be considered ''local.'' But in some sense this point w x. of view is taken in much of Puig's work, say 8, 9 , the less our objects depend on G itself, and on the inclusions of the p-subgroups in G, the ''more local'' our objects are. It is in this sense that the following conjecture is ''very local.'' The conjecture, ''locally'' characterizing the defect of w x an irreducible character, is part of the consequence 10, 5.1 of the w x refinement 10, 4.1 of Alperin's conjecture. We must review a fairly well-known G-algebra-theoretic version of a Clifford-theoretic construction; all the notation in the following discussion will be needed in the proof of the theorem below. Further details, including a demonstration that the construction is both possible and Ž .w x essentially unique, may be found in for instance 2, Section 4 . Let R be a normal subgroup of G, let G [ GrR, let be an irreducible character of R inertial in G, and let e [ e , which is a central idempotent of both R and G. Given an irreducible G-character , then lies over if and only if e s e e.
. We realize Ge as a twisted group algebra kG of G over with
. is the order of the element of H G, * associated with G. By Schmidŵ x < < < < 11, 7.3 , R divides the exponent of R. It is also well known that R < < divides G : R . We insist the elements g be chosen such that R contains 
Ž .
The algebra map : Gª Re given by g ¬ g g satisfies g g s ge s˜Ž . g g. Regarding Ge m Re as an interior G-algebra with structural˜ˆ Ž . map g ¬ ge m g , then is an interior G-algebra isomorphism.ˆ˜G
The the Fong correspondence l restricts to a defect-preserving bijectivê correspondence between the irreducible characters of G lying over , and the irreducible characters of P lying over .
LEMMA. Let K be a normal subgroup of p-power index in G. Gi¨en a Sylow p-subgroup P of G, a Sylow p-subgroup L of K central in G, an irreducible character of K inertial in G, and an irreducible character of L
w The proof of the lemma can be recast using the methods in Isaacs 4,  x w x Chapter 13 : extends uniquely, as in 4, 13.3 , to an irreducible character of G such that the matrices representing the elements of P havẽ determinant unity. It can be shown that the condition s m specifiesã defect-preserving bijective correspondence between the irreducible characters of G lying over , and the irreducible characters of P lyingô ver . 
THEOREM. Suppose that G is p-soluble. Let be an irreducible character of a central p-subgroup L of G, and let be an irreducible character of G lying o¨er and lying in a p
Ž .< < < We argue by a double induction, first on G: Z G , and second on G . We may assume that G is nonabelian, because otherwise we put A s O OGe , whereupon we can let P be the Sylow p-subgroup of G, and put
character of R lying under , and let T be the inertia group of in G. Clearly, L F R and lies over . Suppose that T / G. As is well known, there exists a unique irreducible G Ž . character Ј of T lying over such that s Ind Ј . By induction, we T may assume that there exists an O O-free interior T-algebra AЈ such that AЈ ( Te , and an irreducible character of a defect group P of AЈ
The assertion is now proved in the case T / G.
Henceforth, we assume that T s G, and again consider the centralˆˆˆˆê xtension G of G by R. The cyclic group R is the direct product R s LLЈˆˆô f a p-subgroup L and a pЈ-subgroup LЈ. The linear character of Rˆˆˆd ecomposes as a tensor product s m Ј of linear characters , Ј ofˆˆL , LЈ, respectively. Let be the irreducible character of G lying over Ž . Ž . such that e m e s e . Then lies over . Now, if R s LO G , then
Induction allows us to assume that there exists anˆÔ O -free interior G-algebra A such that A ( Ge , and an irreducible ˆĉ haracter of a defect group P of A such that lies over , andŽ . 
